An important problem in contemporary physics concerns quantum-critical fluctuations in metals.
I. INTRODUCTION
YFe 2 Al 10 is nearly tetragonal, with a divergent uniform magnetic susceptibility at low temperatures with field applied in the a-c plane, but a constant value at the same temperatures for fields applied along the b-axis 1 . There is no observed anisotropy of the susceptibility within the a-c plane. These results suggest that the metal is accidentally close to a ferromagnetic quantum critical point and that the relevant model for criticality is the 2D-XY model. The specific heat divided by temperature is logarithmic in temperature. We show here that the singularity in the susceptibility and the specific heat together and the singularity in the frequency/temperature dependence of the correlations 2 and their contrast with the momentum dependence are consistent with the recent solution of the 2D-DQXY model.
Classical 2D FM transitions of the Berezinskii, Kosterlitz-Thouless 3,4 variety at finite T have been found in some insulating compounds in the past 5 . YFe 2 Al 10 appears to be the first metallic compound to be very near a planar ferro-magnetic quantum-transition.
II. RESPONSE FUNCTION OF A 2D XY MODEL NEAR QUANTUM CRITI-

CALITY
The 2D-dissipative quantum XY model describes the physics of interacting quantum rotors lying in a plane and includes dissipation due to transfer of energy to other excitations.
It is specified by the action given, for example, by Eq. (1) in Ref. 6 . Without dissipation, the phase diagram and the correlation functions of the quantum XY model in 2D belong to the classical 3D XY universality class. But in a metal, the dissipation introduced by coupling of the fluctuations to corresponding incoherent fluctuations of the fermions, leads to a much richer phase diagram [6] [7] [8] 15 . The correlation function is found in an extensive region of parameters in which the proliferation of warps determines the criticality to be,
The three especially note-worthy features of (1) are (i) it is separable in its r and τ dependence, (ii) its thermal Fourier transform at criticality, when ξ τ → ∞ has the ω/T scaling 9 , introduced in critical phenomena in Ref. 16 and termed "Planckian" 17 , and (iii) that 6, 15 (ξ r /a) = log (ξ τ /τ c ).
This means that the dynamical critical exponent z is effectively ∞. ξ τ has an essential singularity as a function of the dimensionless dissipation parameter α but an algebraic singularity as a function of the dimensionless parameterK ≡ √ KK τ . Here K is the Josephson coupling and K τ is the kinetic energy parameter in the quantum XY model. On the disordered side of the QCP, ξ τ is given by,
c is a constant of O(1) and τ c a short-time cut-off. If the transition, as expected is driven by (K −K c ), the logarithmic dependence of the spatial correlation function may lead to a very short observed correlation length unless the sample is tuned to very small values of (K −K c ), and other effects, such as disorder do not change the asymptotic critical properties.
At criticality, i.e. for ξ 
with a high frequency cut-off. For finite ξ τ and ξ r the infra-red singularities are cut-off and their form is given in the Appendix in Ref. (6) .
III. SCALING FOR THE FERROMAGNETIC QUANTUM XY MODEL IN A FIELD
The magnetic field B ⊥ in the plane couples linearly to the order parameter and serves 
The q = 0, ω = 0 limit of the correlation function is found by integrating over r and τ . Divided by T , this gives the temperature and magnetic field dependence of the static uniform susceptibility, Eq. (6). The integration over the space-variable brings a factor ξ d r , as usual. At this point the special properties of the results in (1) may be used. Since the temporal correlation function is ∝ 1/τ at criticality, integration over τ can produce at most only logarithmic corrections, which may be neglected to begin with in comparison with the rest. Also, since ξ r ∝ log ξ τ , the space dependent prefactors may also be neglected to logarithmic accuracy. So we get
On re-scaling T ξ τ → 1 to express ξ τ in terms of T , one gets
or equivalently
On comparing (7) with the static susceptibility calculated from (1) and again neglecting logarithmic corrections, we find that the two are mutually consistent only if z b = 1. Given the 1/T factor in (6), the correlation function has an exponent 0 which is consistent with having logarithmic corrections. Scaling cannot give the logarithmic corrections, which turn out to be important in relation to experiments, as seen below. We therefore explicitly calculate the magnetic susceptibility by the Monte-Carlo technique using the procedure of Refs. 6 for the dissipative quantum XY model.
A. Monte-Carlo Calculations:
The uniform magnetic susceptibility per unit-cell is
where N 2 is the number of unit-cells on a lattice labelled by i. This is converted to a form suitable for quantum Montecarlo calculations on a discrete space N × N and imaginary time one-dimensional lattice τ n of N τ cells,
The calculation is entirely as in the calculation of the action susceptibility, Eq. (10) The black crosses in Fig. (1) are the result, and they compare favorably to the measured uniform susceptibility χ, also shown in Fig. 1 . Motivated by the discussion above, we look for logarithmic factors multiplying T −1 . We find that the calculated susceptibility 
are compared to the result
in Fig. 2 . = 160 K, using gµ B B c = /τ c with the Landé g-factor taken to be 2 and µ B the Bohr magneton. We do not know the origin of the small off-set of 0.07 T required to best fit the data which spans the range up to 6 T; it may be due to impurities in the sample.
B. Scaling of the Free-energy:
The scaling for the free-energy per unit volume may be considered similarly This gives, using the same results as for the calculation of magnetization, that
With (14), the results for M (T, B ⊥ ) and χ(T, B ⊥ ) derived above from the correlation functions follow to logarithmic accuracy. The specific heat divided by T at constant B ⊥ has in addition to a constant and a log(T ) term a log 2 (T ) term with a coefficient that is 1/3 of the logarithmic term. The specific heat as a function of magnetic field B ⊥ , similarly follows.
Note the factor T in (13) . This is un-important for classical transitions, where it is replaced near criticality by T c but essential to keep for a transition with T → 0 
C. Dynamics
Consider now the extension of the correlation function, Eq. (5) to obtain the frequency and momentum dependent magnetic response function. In the absence of the detailed MonteCarlo calculations of the correlation function in a magnetic field, one may guess on grounds given below that the magnetic response function has the approximate scaling form,
This follows the form of the derived correlation function (1) except for the modifications necessary due to the scaling corrections due to B ⊥ . The logarithmic term and its argument have been chosen so that it reproduces the temperature dependence of the calculated uniform magnetic susceptibility, derived by using the Kramers-Kronig relation between the imaginary part χ"(q, ω, T, B ⊥ ) and the real part at ω = 0, as well as the magnetic field dependence of the magnetization derived above.
Eq. (15) may be put in various other forms as desired. It follows that for finite B ⊥ , this divergence is cut-off. It is predicted that together with ω/2T scaling of the form calculated in microscopic theory to be of the form tanh(ω/2T ), with a cut-off at ω c = τ −1 c , there should be singular pre-factors. This has been tested by inelastic neutron scattering as described in Ref.
2 , where it is found that a cutoff energy dependence of the form ω 2 + (πT ) 2 −1.4/2 tanh (ω/T ) describes the data reasonably well. The data can be equally fitted by Eq. (15) .
A comparison of Eq. (15) presented here to the energy dependence of the measured dynamical susceptibility is shown in Fig. 3 for ω >> T . The correspondence between temperature and energy revealed by a previous scaling analysis 1 and the Kramers-Kroning relation 2 suggests that the momentum-integrated dynamical susceptibility χ is a function of (1/ω) log 2 (ωτ c ) with a high energy cutoff ω c . Fixing τ 
IV. CONCLUDING REMARKS
These results test the theory of the 2+1 D -XY model in considerable detail. In particular, the success of the results in explaining the singularities in the properties associated with the free energy depends on the novel results of the theory that the correlation function is the product of a function in space and a function in time, and that the spatial correlations vary logarithmically as the temporal correlations. The result that at criticality the time-dependence is proportional to 1/τ , i.e has the Planckian scaling ω/T , has also been crucial.
As may easily be seen, these results cannot be obtained by simply putting the dynamical exponent z → ∞ in the conventional dynamical critical theory. Further tests of the theory require samples in which the distance to quantum-criticality can be systematically changed, for example, by applying pressure, thereby observing a longer spatial correlation length varying logarithmically as the distance to the critical point. 
